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of waves travelling along the extra dimension are identified. 



*e-niail: nouri@celfi.phys.univ-tours.fr 

^This work was carried out at the Department of Applied Mathematics and Theoretical Physics, Cam- 
bridge, UK. 



1 



1 Introduction 



The brane world scenario [J |2] stipulates that our four- dimensional Universe (the brane) 
is embedded in a higher dimensional space-time (the bulk). This approach differs from 
the usual Kaluza-Klein ideas in that the size of the extra dimensions could be large. The 
concept of large extra dimensions might have phenomenological consequences in particle 
physics m El- In particular, it could lead to a solution of the hierarchy problem (the 
problem of why the electroweak energy scale and the Planck energy scale are far apart from 
one another). 

Another important ingredient of the brane world scenario is that matter is confined to the 
brane and the only communication between the brane and the bulk is through gravitational 
interaction (or some other dilatonic matter). Newton's law of gravitational interaction, as 
we know it in our Universe, would then arise as a very good approximation in this context. 
The brane world picture relies on a Z2 symmetry and is inspired from string theory and its 
extensions [H]. 

There are, however, numerous questions that one would like to address in the brane world 
scenario. The first, and most difficult, question regards the mechanism by which matter is 
forced to live on the brane only. In the absence of any answers to this question, one would 
accept it as a hypothesis and looks for experimental evidence for this scenario. The natural 
laboratory for testing the ideas of this new theory (and of string theory in general, see [711313 
for reviews) would be in cosmology. It is therefore essential to understand the theoretical 
implications of a brane world based cosmology [I^ (see [TT1[T2] for some pedagogical reviews). 

The most stricking feature of brane world cosmology [121 dH UHl UHl 113 [IHl UHl 1201 121] 
is the fact that the square of the Hubble parameter on the brane is proportional to the 
square of the energy density of the brane. This is in contrast to the situation, described by 
the Friedmann equation, in the standard four- dimensional cosmology. This proportionality 
between the Hubble parameter and the energy density is due primarily to the requirement 
that the incuded metric on the brane is that of Friedmann- Robertson- Walker (FRW). 

Another important point in the brane world scenario regards the size of the extra dimen- 
sion. As mentioned previously, this size can be arbitrarily large. It is therefore crucial to 
have an idea on how this extra dimension evolves. This problem can be naturally examined 
in the context of brane world cosmology. In most cosmological studies of the brane world, 
the extra dimension is taken to be constant. In this note, we will allow the size of the extra 
dimension to evolve dynamically. Some interesting solutions are consequently found. 

We start, in section 2, by a brief review of the equations of motion behind the brane world 
cosmology. The assumptions used in this scenario are also revisited. It is shown that there 
is a great deal of freedom in choosing the bulk metric. In section 4, we make an ansatz for 
the form of the size of the extra dimension and determine some new cosmological solutions. 

2 A review of brane cosmology 

The model studied here is that of a single brane (our Universe) embedded in a five- 
dimensional spacetime (the bulk) whose coordinates are = (t, r, 9, 0, y) with /x, z/, . . . = 
0, . . . ,4. The brane is located at y = 0. Our starting point is the five- dimensional Einstein's 
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equations 



= a[ R^u - ^Rg^w^ - -^9f^u -T^u = ■ (2.1) 



Here a is the gravitational coupling constant and A is a possible cosmological constant. The 
five-dimensional metric is specified by the line element ^U] 



ds^ = -A{t, yfdt^ + B{t, yf 



+ ( d9^ + sin {9 fd4>' 



+ C{t,y)W ■ (2.2) 



The functions A(t,y), B{t,y) and C(t,y) depend on the variable y through its modulus \y\ 
only. This is in order to realise the Z2 symmetry; a crucial point in the brane world scenario. 
The parameter k {k = —1,0,1) is the spacial curvature of a maximally symmetric three- 
dimensional metric. To complete the cosmological setting, the energy-momentum tensor T^j, 
is taken to have the form 

Tl^ = ^dia.g[-p{t),p{t),p{t),p{t),0]6{y) . (2.3) 

This choice is compatible with the metric and the matter is indeed located on the brane 
only. It is clear that our description breaks down whenever C{t,y) = 0. We require, also, 
the matter on the brane to obey the equation of state 

p = ujp , (2.4) 

where u is a constant. 

The equations of motion lead to four equations: Sqq, Su = S22 = and S04. These 

are, respectively, given by^ 

\5{y) = 3al--^[B" + 2B'5iy)] ^' 



A 

2 ' 




+ 



\vKy) = al2^[B" + 2B'6{y)] + 



+ 






B' 


A' 


f( 


'b 


BA' 




CB' 


BA 


+ 


CB 



3«<!^ + ^-f |[2e(y)-l] . (2.5) 



^ Notation : If /(|y|) and h{\y\) are two functions, then ^ = f'^ = /'[2e(y)-l], where 9 (y) is 
the Heaviside function and /' denotes the derivative of / with respect to its argument \y\. Consequently, 
(3^) (^) = f'^' and = /" + 2/'^ (y), where /" is the second derivative of / with respect to \y\. We 
also use a dot to denote a derivative with respect to the time coordinate t. 
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Matching the delta functions on both sides of the first two equations leads to 

B' 



P 
P 



-6a- 



BqCq 
2 ^ A'r 

— p + 2a 



AoCo 



[2.6] 



Here the subscript means that the functions are evaluated at ?/ = (that is Aq = A{t,0), 
and so on). Once this matching is carried out, the delta function contributions cancel out 
and the equations become valid everywhere. Notice also that the obtained equation of state 
is not of the form p = up but a time dependent one. 

It is remarkable that the first three equations in ()2.5p can be expressed in terms of the 
single function ^U] 



{BB') 



BB 



kB' 



(2.7) 



C2 A^ 

Assuming that S04 (that is, the last equation in ()2.5|) ) is satisfied, then the components £^00 
and S44 of the equations of motion can be cast, respectively, in the form 

A 



F' = —B^B' 
3a 

P = Ab^b 
3a 



{21 



On the other hand, the component £^11 of the equations of motion (with the help of £^00, £^44 
and £04) can be written as 



d_ (F^ 
di X'W' 



a 



(2.9) 



This last equation is identically satisfied due to ()2.8|) . 

Therefore, by integration of ()2.8|1 . one obtains the first integral of motion 



^BB'f {bb) 



(J2 



A^ 



kB' 



A 

12^ 



(2.10) 



where C is a constant of integration. This last equation can be used to determine the unknown 
function A. Indeed, this is given by 



A' 



B^ 



C2 



k 



I2a 52 



H -1 



(2.11) 



Therefore A is entirely expressed in terms of i?, C and their derivatives. Substituting for A 
in the last equation of ()2.5|1 . yields the differential equation 



B 



d 
d\y\ 



In 



(50 

(J2 



k 



12a 52 



2b| 



(2.12) 



This is the only equation that the two unknown functions B and C have to satisfy. Hence, 
it has many solutions in general. Furthermore, one can use it to exclusively fixe the y 
dependence of B and C (and consequently A) but not their time dependence. 
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3 The brane equations 



The most crucial relation in brane world cosmology is equation ()2.11|) . It leads, when eval- 
uated at 1/ = together with the use of the matching conditions ()2.6|) . to the expression 



5| r_p^__fc 

Bi { 36a2 12a 



This is the time dependent value of Aq as determined by the equations of motion. If one 
imposes the temporal gauge Aq = 1, then one obtains the Friedmann like relation 



tt2 _ ±^1 ^ _y 2_ _ (Q o^ 

" 52 36a2 ^2 12a m ' 



The unusual proportionality between and p^, together with the presence of the term in- 
volving C, are the main caracteristics of brane world cosmology JU]- This equation, however, 
is obtained only when one supposes that Aq = 1. This assumption is equivalent to demanding 
that the metric on the brane is a FRW metric at all times. It would be, therefore, desirable 
to consider other gauges and to determine their cosmological implications. However, this is 
not the issue of this note. 

Let us first examine the time dependence of the two functions B and C. We start by 
exploring the consequences of imposing the equation of state fl2.4|) . Notice first that using 
the Sq4 component of the equations of motion at y = 0, leads to the conservation equation 

Bop + 3Boip + p) = . (3.3) 

It is, therefore, natural to interpret Bq as the scale factor of our Universe. Moreover, if the 
equation of state p = ujp holds then one obtains for the energy density 

p = PB^'^'^^^ , (3.4) 

where j3 is an integration constant. On the other hand, for the matching equations ()2.6p to 
yield the equation of state p = up, we must have 

= IP , (3.5) 
where 7 is a constant and we have the identification 

^ = -^ + 7 ■ (3.6) 

In order for the energy density p to decrease when Bq grows, one must have 7 > —1/3. We 
are of course assuming that the Universe is expanding. 

Using the component Sq^ of the equations of motion and the expression of p in ()2.6|) . 
equation ()3.5|1 can be cast in the form 
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Therefore 

Co = XB'X' , (3.8) 

where A is a constant. Furthermore, by comparing the two expressions of p in ()3.4|) and 
(I2.6|l . we deduce that 

PB^^'^''^ = -6a^ . (3.9) 

Replacing for Co in the last equation fixes the constant A to 

A = -| . (3.10) 

The equation of state is, therefore, given by p = cup provided that the function C obeys the 
brane condition Co = XB'qBq^ . 



4 Solutions with a dynamical fifth dimension 

One of the simplest cases studied so far corresponds to setting C{t,y) = 1 at all times pUj . 
We would like to present in this section another solution in which the fifth dimension is 
evolving. This is in the spirit of dynamical compactification in Kaluza-Klein theories |22j . 
Let us assume that C is a function of B only. Namely, 



C{t,y) = C{B{t,y)) 
This leads immediately to the relation 



2B' 



C 
C 



B 



d 

d\y\ 



(inC^) 



(4.1) 



(4.2) 



Therefore, equation (j2.12p can be integrated and one obtains the first order differential 
equation 



[B'f = + C^ 



12a 52. 



(4.3) 



where ^(t) is a function of integration (it will be shown later that ^ is a constant). This 
equation determines B once the function C{B) is known. Its right hand side is a functional 
of B only and therefore can be formally integrated as 



E{B) = J dB I^C^ + C 



k + ^B^ 
12a 



C_ 

fi2 



^1/2 



EiB) 



±\y\ + C{t) 



(4.4) 



where ({t) is a function of integration. The last equation determines B in terms of \y\, ^(t) 
and ((t). 

Let us now impose the constraint Cq = XB'^Bp . Replacing for B^ using ()4.3|) . one find 
the following expression for Cq 



C2 



67 



k + 



A 



C 



12a + Bl 



(4.5) 
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In order for this expression of Cq to be in accordance with our assumption in ()4.1|) . the 
function ^{t) must be constant in time. Since Co(-Bo) is obtained from C{B) by simply 
replacing B by Bq, we deduce that 



I. 



1 



k + 



A 

Via 



-B' 



C_ 

52 



Finally, we should mention that the function A in (|2.1ip is, in this case, given by 

52 



A' 



(4.6) 



(4.7) 



The y dependence of B is therefore determined by evaluating the integral 

5(1+67) 



E (B) = y^A^ J dB 



(4. 



It is clear that this integral depends on the the values of 7 and the other parameters fc, A 
and C. 

As an illustration, we will consider here the case corresponding to 7 = and A 7^ 0. 
This means that the matter on the brane obeys the equation of state p = — 2p/3 and is 
therefore not an ordinary matter. The integral can be calculated and we find, using ()4.4|) . 
the following expression for B 



A 



va^a; 



A^A;)^ sinh 



A 



3a^A^ 



[±|y| + C-a] 



+ 



6a 
A2A 



(4.9) 



where a is a constant of integration. 

The case 7 = and A = is also worth studying. In this case, we find the following 
expression for B^ 



B' 



1 



(1 - A2A;) 



A^c + il^(±M + C-6)^' 



(4.10) 



where 6 is a constant of integration. Here also we are considering the case where (1 — X^k) 
does not vanish. 



Cosmological solutions : 



The time dependence of B, for 7 = and A 7^ 0, is determined by solving the constaint 
A^ = 1. Equation (j4.7p yields in this case 

BlBl={Y2-k)Bl-^Bt-C . (4.11) 
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We will assume that (p- ^ ^) different from zero. The solution to the above equation is 
given by 



r2 6a 



i-fc)+a,expJ^tj+a.exp(^-yiA,j , (4.12) 



where Oi and 02 are two constants related by 

The expression found for Bq must agree with that obtained from (j4.9|) upon setting y = 0. 
This requirement leads to 



2a/— aia2 sinh 



^ (C-a) 




aiexp ( ^/-^t ) + asexp ( -W-^t I . (4.14) 



This last equation allows for the determination of the unknown function C(^)- 

It is clear that ( depends on the choice one makes for the two constants ai and 02. An 
interesting case corresponds to taking 02 = — ai and such that 

The function ({t) is in this case linear and is given by 

C{t)=X^t + a . (4.16) 

The importance of this special case stems from the fact that {t, y) is a function of the 
combination (^±|?/| + Xy/^tj . Therefore, it has the form of a wave travelling in the y direction. 
Similarly, the case corresponding to 7 = and A = leads to 

^0 = - ^) + + ^2 . (4-17) 
where the two constants bi and 62 are related by 

l6?=(l-fc)62-C . (4.18) 

Finally, the comparison of this last expression with that obtained from ()4.10|) upon setting 
y = 0, yields 

CW = ±Av/^(« + |^^)+. . (4.19) 

This shows also that B^ {t, y) is a wave travelling in the y direction. 

In conclusion, we have in this note revisited the scenario of brane world cosmology. 
We have found a class of solutions in which the fifth dimension evolves dynamically. It is 
interesting to notice that these solutions are in the form of waves travelling in the y direction. 
This has been shown for some special values of the parameters 7 and A. However, by a change 
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of the time coordinate, one can show that these waves are always present. Indeed, let the 
new time coordinate be r = ({t), then the metric corresponding to our solution is given by 



'dB' 



\dT 



dr' + B' 



dr"^ 



+ (dO'^ + sin {Of 



+ C^dy^ 



(4.20) 



where C^, as a functional of 5, is given by the expression written in (|4.6p . On the other 
hand, 5 is a function of the variable ±||/| + r only. This can be seen from the second equation 
of (IO|) . 

If we now demand that r is the cosmological time and that at ?/ = (on the brane) the 
metric is a FRW metric, then the time evolution of Bq is determined by solving the equation 



'dBo 
dr 



(4.21) 



This is precisely equation ()H.2|1 where t is simply replaced by r. 
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